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AN OVERDETERMINED PROBLEM FOR THE ANISOTROPIC 

CAPACITY 

CHIARA BIANCHINI, GIULIO CIRAOLO, AND PAOLO SALANI 


Abstract. We consider an overdetermined problem for the Finsler Laplacian in the 
exterior of a convex domain in R^, establishing a symmetry result for the anisotropic 
capacitary potential. Our result extends the one of W. Reichel [Arch. Rational Mech. 
Anal. 137 (1997)], where the usual Newtonian capacity is considered, giving rise to an 
overdetermined problem for the standard Laplace equation. Here, we replace the usual 
Euclidean norm of the gradient with an arbitrary norm H. The resulting symmetry of 
the solution is that of the so-called Wulff shape (a ball in the dual norm Hq). 
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1. Introduction 

The Newtonian capacity of a bounded open set 17 in R.^, A > 3, is defined as 

Cap(r2) = inf I f l-\Dv\^dx : n S C'“(R^), n > 1 in , (1) 

where Dv is the gradient of the function v and | • | denotes the Euclidean norm in . 

When N = 3, Cap(r2) represents the capacitance (i.e. ability to hold electrical charge) 
of the condenser 17 immersed in an isotropic dielectric, that is the total charge 17 can hold 
while maintaining a given potential energy (computed with respect to an idealized ground 
at infinity). 

When 17 is a sufficiently smooth domain, the capacity problem o admits a unique min- 
imizer. In fact, since Laplace equation is the Euler equation of the involved functional, this 
minimum problem is completely equivalent to the following Dirichlet problem 

{ Au = 0 inR^\r7, 

u = 1 on cA7, (2) 

u —7> 0 if |a:| —oo. 

Here, the function u represents the electrostatic potential and one can ask whether there 
exists a set 17 such that the intensity of the corresponding electrostatic held Du is constant 
on its boundary. This is equivalent to couple problem ([2]) with the extra condition 

\Du\ = C on dQ . (3) 

Since both Dirichlet and Neumann boundary conditions are imposed, the resulting prob¬ 
lem @-® is overdetermined and then, in general, it is not well-posed and a solution does 
not exist, unless the domain 17 satisHes some additional symmetry property. And indeed in 
PP] Reichel proved that (H])-® admits a solution if and only if 17 is a ball. In other words. 
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Euclidean balls are the only electrical conductors such that (when embedded in an isotropic 
dielectric) the intensity of the corresponding electrostatic field is constant on the boundary. 

The technique used in |20] is the well-known moving plane method, which goes back first 
to Alexandrov and then to Serrin. The latter, in the seminal paper |22j . combined the 
geometric argument of Alexandrov with a smart refinement of the maximum principle to 
study the archetypal overdetermined problem 


Au = 1 

in n, 

u = 0 

on n, 

\Du\ =C 

on LI, 


(4) 


which is related to the minimization of the functional 



Serrin proved that a solution to problem (|3]) exists if and only if is an Euclidean ball (and 
hence u is radially symmetric). 


Notice that, in both problems (HI and (©-(ini), the radial symmetry of the solution is 
compelled by the isotropy of the Euclidean norm and of the Laplacian. Considering in 
particular problem ([5]) , we see that the Laplace operator reflects the linearity of the electrical 
conduction law, which is in turn determined by the isotropy of the dielectric and dictates 
the use of the Euclidean norm in measuring the electric field in condition ([3]) . In this paper 
we investigate what happens if one considers an anisotropic dielectric background which 
influences the organization of electric charges and affects the measure of the intensity of the 
electric field. To this aim, in problem © we replace the Euclidean norm with a generic 
norm H which reflects the anisotropy of the medium, thus defining the FinslerH-capacity 
as follows 

CapH(f^) = inf { [ \ H{Dvfdx : v S Co“(K^), v>l in . (5) 

Ub" 2 J 

CapH(fl) represents the anisotropic capacitance of the set fl, that is the total charge that 
the set n can hold while embedded in the considered anisotropic dielectric medium and 
maintaining a given potential energy with respect to an idealized ground at infinity. 

Under suitable regularity assumptions, as in the Euclidean case the capacity problem ([5]) 
admits a unique minimizer in lU^’^(M^) and it is in fact equivalent to the following Dirichlet 
problem 

{ Ahu = 0 in K.^ \ n, 

u = 1 on dfl, (6) 

u —>■ 0 as Hq{x) —>• oo , 

where 

Ahu = d\Y{H{Du)V^H{Du)) 

is the so called Finsler Laplacian (associated to H) and Hq is the dual norm of H (see below 
for precise definitions and notation). Then, as in |20| . we investigate the overdetermined 
problem arising when the additional constraint 


H{Du)=C on dLl (7) 

is imposed. The study of geometric properties and characterization of the solution of ®-o 
is in fact the main goal of the present work. 
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Clearly, since the associated metric is no more radially symmetric, we can not expect Eu¬ 
clidean balls to be solutions and the results and techniques from [20] do not apply anymore. 
In particular, the classical moving plane method is no more suitable. Indeed the shape of 
the set n and the geometry of the solution u are governed by the norm H and we need to 
use an ad hoc technique. For this we adapt and merge the arguments of |4] and |2], that 
in turn both exploit and suitably arrange a method from [1]. In |4] the authors improve 
the results of [20], weakening the regularity assumptions on the set fl. In [2], the authors 
consider the anisotropic version of the classical Serrin’s problem Q 


Ahu = 1 

in H, 

u = 0 

on H, 

H{Du) = C 

on H, 


proving that, under suitable regularity assumption, a solution exists if and only if has the 
so-called Wulff shape associated to H, i.e. it is a ball in the dual norm Hq. Here, we will 
prove the same symmetry property for problem (El)-©, i.e. for the anisotropic version of 
©-©, in perfect analogy with the interplay between problems © and ©. 

1.1. Main results. Let N > 3 and H : ^ K be a norm in , that is a nonnegative 

positively homogeneous convex function; more explicitly: 

(i) H is convex; 

(ii) H{^) >0 for ^ G and H(^) = 0 if and only if ^ = 0; 

(iii) H{t^) = for ^ G and t G M. 

Then let Hq be the dual norm of H, that is 

Ho{x) = sup ^ for X G . (9) 

We denote by and i?//u(l) the unitary balls in the norm H and Hq respectively; in 

general, for r > 0, we set 

Bnir) = {e G < r} , = {x Ho{x) < r} . 

We say that a set has the Wulff shape of H if it is a ball in norm Hq . 

Given a smooth function u, we will use Hq to measure the norm of a: G R^ and H to 
measure the norm of Du{x) (then H endows in fact the dual of R^, that coincides however 
with R'^). The Finsler Laplacian (associated to H) of the function u is given by 

l^HU = div{H{Du)y^H{Du)). ( 10 ) 

The Finsler Laplacian have been widely investigated in literature and goes back to Wulff 
[^ . who considered it to describe the theory of crystals. Many other authors developed the 
related theory in several settings, considering both analytic aspects (see [11101 da [13 (H 
EllEaE]) and geometric points of view (see [laiadQ]). 

In this paper we will study the anisotropic capacity problem © and the associated 
overdetermined problem ©-©. In particular, our main result is the following. 

Theorem 1.1. Let Vi he a bounded convex domain of class Let H G C^’°‘ in R^ \ {O} 

be a norm in such that is uniformly convex. 
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Problem ©-0 admits a solution u if and only if Q has the Wulff shape of H, i.e. 
n = BHo(r) for some r > 0 (up to a translation) and u is given by 

u{x) = ^ xGM.^\^. (11) 

We remark that in our assumptions on H the solution of problem 0 turns out to be 
classical, as shown in Theorem 12.51 below. 

Notice that the value of the constant C in © must be suitably related to the geometry 
of the set 11 and a direct calculation (see the Appendix |0 gives 


{N-2) Pnm 

N |11| 


( 12 ) 


where Ph indicates the so called anisotropic perimeter (see (EH) below for its definition). 

The proof of Theorem 11.11 is based on integral identities and a pointwise inequality (in 

the same spirit of E] @1) and can be summarized as follows. We introduce an auxiliary 
2 

function v = and prove that v is quadratic in the norm iJo- Indeed, by using an 

anisotropic version of the Minkowski inequality (see Proposition 12. 101) and the characteriza¬ 
tion of the equality case in a generalized Newton inequality, we obtain that 12 has constant 
anisotropic mean curvature, and then the anisotropic Aleksandrov Theorem (Proposition 
E©) guarantees that 12 is a ball in the suitable anisotropic metric. 


In order to apply our strategy we need several preliminary results. 

First we show that if 12 is a bounded convex domain with boundary of class and 
i/ is a norm of class \ {O}) with strictly convex, then Problem © admits a 

unique solution u, with u € \ 12) (see Theorem 12.51) . The proof is based on the fact 

that the differential problem © is the Euler equation of the minimum problem ©, which 
involves a strictly convex and differentiable functional. 

Several tools from convex geometry are also needed. In particular, we will extensively 
use mixed volumes and mixed area measures to prove an anisotropic Aleksandrov-Fenchel 
inequality. 

In Theorem E© we also prove the anisotropic version of Aleksandrov Theorem. This 
result was already available in literature (see [TJ and HU). However, since our approach is 
simple and is in the same spirit of the proof of Theorem m we prefer to include the proof 
in the paper. 

The paper is organized as follows. Section E] is devoted to recall and prove some prelim¬ 
inary results which will be useful in the proof of Theorem 11.11 in particular we recall some 
well-known properties of norms in facts on Finsler metrics and Finsler laplacian, prove 
some results on Finsler capacity and properties of the corresponding capacitary function. 
Section E] is completed by recalling the definition and some basic properties of elementary 
symmetric functions of a matrix and tools from convex geometry and proving a Minkowski 
type inequality which will be crucial in the proof of Theorem 11.11 Section El is devoted to 
prove Theorem ll.il In Appendix lAl we prove (1121) and in Appendix I bI we give a proof of the 
anisotropic version of Aleksandrov Theorem. 
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2. Preliminaries 

2.1. Notations. For a subset ft of K.^ we denote by |11| its volume, and by the 

(TV — l)-dimensional Hausdorff measure of dil, that is its Euclidean perimeter, so that: 

\n\ = f dn^{x), n^-\dn) = [ dn^-\x). 

Jn Jdn 

For a convex set ft C the support function h{n, ■) : —>■ R of 11 is defined by 

h{n,u) = sup(y;u), 
yen 

beeing (•; •) the standard scalar product. The function h is convex and 1-homogeneous. 
Sometimes it is useful to consider its restriction to the (TV — l)-dimensional unit sphere in 
which we denote by Notice that we will indicate by hi, htj the derivatives of h 

with respect to the i-th, j-th components of the variable x € R^. 

The gradient of a function u : ft ^ R^, evaluated at x € ft, is the element Du{x) of 
the dual space of R^, also identified with M^, which associates to any vector y G R^ the 
number (y; Du{x)). Unless otherwise stated, we will use the variable x to denote a point in 
the ambient space R^ and f for an element in the dual space. The symbols D and will 
denote the gradients with respect to the x and f variables, respectively. 

Accordingly, if the dual space of R'^ is equipped with the norm H, then R^ turns out to 
be endowed with the dual norm Hq given by (jH]). 

Given a convex set ft, we denote by v = . ,v^) its outer unit normal vector. 

Moreover Vj = (vj,...,vj^) will indicates the vector of derivatives with respect to the 
variable Xj. 

Einstein summation convention is in use throughout the paper. 


2.2. Norms in R^. Let H : R'^ —)• R be a norm in R^, that is 

(i) H is convex; 

(ii) H[f) >0 for ^ G R^ and H{f) = 0 if and only if ^ = 0; 

(iii) H{t^) = |t|iV(C) for ^ G R^ and T G R. 

The dual norm Hq is defined by ([9]). Analogously, we can define H in terms of Hq as 


= sup———, 






Notice that H results to be the support function of the unitary ball Bnoit) of Hq and, in 
turn, Hq is the support function of Bh, that is 

Hif) = h{BHo,^) ior ^ , Ho{x) = h{BH,x) for x €R^ , (13) 

and the convex sets Bhq and Bh are polar of each other. 

Erom [3TJ Corollary 1.7.3], we have that Hq G (7^(R^ \ {0}) if and only Bh{1) is strictly 
convex. Moreover, we notice that if TV G C^(R^ \ {0}) and T?Lr(l) is uniformly convex (i.e. 
G C^(R^ \ {0})), then the same holds for Hq and Bho{1)- 

Since all norms in R^ are equivalent, there exist positive constants cr and 7 such that 

a\i\<HiO<l\f\, CgR^. (14) 

Let H G C'^(R'^ \ {0}), by (iii) we have 

V^H{tf) = sign(t)V5iL(C), ^ ^ 0, T ^ 0, 
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and 

= (15) 

where the left hand side is taken to be 0 when ^ = 0. If G \ {0})) then 

where Vj is the Hessian operator with respect to the ^ variable. Hence, (flSl) implies that 

= ( 16 ) 

for every k = 1,TV. 

The following properties hold provided H G C^(]R^ \ {0}) and B^o is strictly convex (see 
[H Section 3.1]): 

Ho{y^H{0) = i, (17) 

H{DHo{x)) = 1, a: G \ {0}; (18) 

furthermore, the map HVjiV is invertible with 

= (HoVfHo)-^ (19) 

From (HZD and the homogeneity of Hq, (fT91) is equivalent to 

When H and Hq are of class \ {0}), by differentiating this expression and using (IlSp 

and (flBI) . we obtain 

VlVDlVo(y^H)=Id, ( 20 ) 

where V = i7^/2 and Vb = Hq/2. 

2.3. Finsler metric. Level sets of the norms H or Hq have a special role in the study of 
the anisotropic space, as well as Euclidean balls have in the Euclidean space. More precisely 
we will say that a set E is Wulff shape of H if there exist t > 0 and Xq G such that 

E = {x £ : Ho{x — Xq) < t}; 

in other words, if it is a iVo-ball. The set E is then denoted by BHo{xo,t) where xq is the 
center and t is the iVo-radius of the ball. When xq = 0, we simply write BHo{t) for Bho{ 0, t). 

Notice that the unitary i7o“ball can be seen as the image of the function $ : 
such that $('C) thanks to the properties of the norm H and its dual Hq. 

For a sufficiently regular set C R^ we denote by Ph{^) its anisotropic perimeter, or 
anisotropic surface energy, that is 

PH{n)= f H{v)dH^-^{x). (21) 

JdQ 

Obviously, when H is the Euclidean norm, then Pf/(H) is the usual perimeter of H. 

Following |25) . the anisotropic mean curvature of dfl, which we shall denote by M^f, is 
defined by 

Mff(H) = i^^.^^.p^ ( 22 ) 

The anisotropic mean curvature arises for instance when one considers the anisotropic surface 
energy IHD of a hypersurface i90, so that H{v) gives the unit energy per unit area of a surface 
element having normal v. Since, 
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if one considers the critical points of the shape operator Ph{') for volume-preserving varia¬ 
tions, then one obtains that they satisfy Mjj = constant. We notice that if H{^) = |^| then 
M // is the usual mean curvature normalized so that for the Euclidean unit sphere B it holds 
MniB) = (iV-1). 

As it is well known, in the Euclidean setting the only compact constant mean curvature 
hypersurfaces without boundary are Euclidean balls (Aleksandrov’s Theorem). In the Einsler 
metric an analogous result holds. 

Theorem 2.1 (Anisotropic Aleksandrov’s Theorem). Let H be a norm of of class 
C^(]R^ \ {O}) such that is uniformly convex, and let dLt be a compact hypersurface 
without boundary embedded in Euclidean space of class . If Mij(a;) is constant for every 
X G dLl then LI has the Wulff shape of H. 

A proof of the previous result can be found in m and in |16j . In Appendix B we present 
an alternative proof which is more in the spirit of Reilly’s proof [20] and of our proof of 
Theorem II.II 


2.4. Finsler Laplacian. The Einsler Laplacian associated to a norm H is the operator Ah 
defined by 

Ahu = {H{Du)H^,^.{Du) + H^,iDu)H^^{Du)) 

This operator extends the notion of Laplacian to the anisotropic space endowed with a 
generic norm H. The classical Laplacian corresponds to Ah in the case H is the Euclidean 
norm. 

Notice that, thanks to the regularity and the homogeneity properties of the norm H, the 
Einsler Laplacian is a strictly elliptic operator; indeed 


where C = min{iL(^) : |^| = 1}. 

Several results, which are valid in the Euclidean case, hold true in the anisotropic case 
too; we here present only few of them. 

Let Oat be the perimeter of the unit ball with respect to Hq. We refer to 


r(x) = 


m 


\x) 


an{n - 2 ) 

as the fundamental solution of the Einsler Laplacian in 


(23) 


N > 3, since T solves 


—AhL = (Jo, 

where dp is the Dirac measure centered at the origin (see [TT|L 


Proposition 2.2 (Weak Comparison Principle [11)1. Let E be a bounded domain and assume 
that 


then 


—Ahu < —Ahv in E, and u <v on dE, 
u <v a.e. in E. 


In particular, the following maximum principle holds. 


Proposition 2.3 (Maximum Principle [H]). If Ahu = 0 in E, then 

minu < u(x) < maxu, 

dE dE 


almost everywhere in E. 
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An analogous of the mean curvature formula for the Laplacian has been proved in [24] 
where the anisotropic mean curvature M// has been taken into account. 

Proposition 2.4 { [24jb Let u be a regular function with a regular level set St = {x £ : 

u{x) = t}. The following expression holds at every x & St: 

Ahu = MH{St)H{Du) + (24) 


2.5. Finsler Capacity. We recall that the Finsler capacity or anisotropic capacity of a 
convex bounded open set C is defined by 

CapH(f^) = inf I i / H^iDv)dx : v £ uu > 11 . (25) 

I 2 Jmn } 


The function u such that 


- I H'^{Du)dx = CapH(f^) 
2 Jrn 


is called the H-capacitary potential of LI and it satisfies Problem as we will show in 
Theorem 12.51 

The notion of capacity can be extended to the so called relative capacity: the Finsler 
capacity of a convex bounded open set Ll C with respect to a superset A D is defined 

by 

(26) 


CapH(f2; A) = inf J H^(Dv)dx : v € C^{E), W| 


. >1 


In the following, we show two prime examples which will be useful later. Let us consider 
the radial case LI = Bhq (r) and let Ur be solution to ® in \ Bhq (r). Since T in (P5)) is 
the fundamental solution, it is clear that Ur{x) = aN{N — 2)r^~'^T{x), that is 


Ur{x) = 


t2-N/ 

m_ 

r.2-N 


H^{x) 


Moreover, we have that 


H{Dur{x)) = 


N-2 


X \ Bnoir). 


for X G dBnoir). 


(27) 


(28) 


Another crucial example is the annular ring case, where the Finsler capacity of Bnoifi) 
with respect to i?pro(^ 2 ) is considered, for 0 < ri < r 2 . The function 


>.ix) = 


tt2-N 

^0 


{x)-rl-^ 


_ 2-N 

/ 1 / o 


(29) 


'1 '2 

minimizes Problem (1261) and it solves the capacity problem in the ring 


{ A_f/u = 0, m. BHo{r2)\ Bnoiri), 

u = 1, if Hoix) = ri, 

u = 0, if Hoix) = r 2 . 

In the following theorem we prove that Problem (1251) for the Finsler Capacity is equivalent 
to the differential problem m and we give some crucial estimates on the iL-capacitary 
function u. 


Theorem 2.5. Let LI be a bounded convex domain with boundary of class (7^’“ such that 
O G LI. Let H be a norm ofM.^ of class C^’“(]R'^ \ {O}) such that H'^ is uniformly convex. 
There exists a unigue solution u to problem u G \ fl) , and it satisfies the 

following properties: 
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(i) 

(ii) 


(iii) 

(iv) 


0 < u < 1 m \ fl; 

there exist two positive eonstants Ai and A 2 depending on such that 
Air(a;) < u{x), X G \ O, 

u{x)<A2T{x), cc G \ Bho(-Ri), 

where SI C Bho{Ri) and T is given by (1^51) ; 

H{Du) ^0 in R^\ n; 


there exist positive constants Bi , B 2 and B^ depending on such that 

< H{Du{x)) < 


Ho{x) 


' Ho{x) 


and 


\D^u{x)\ < 


B. 


H, 


N-2 


(x) 


for X sufficiently far away from the origin. 


(30) 

(31) 


(32) 

(33) 


Proof. For every r > 0, sufficiently large, let us define the function Ur as the solution to the 
capacity problem in B^g {r) \ SI; that is 


r AnUr = 0 in Bh^ 

\ Ur = 1 on dil, 

[ur = 0 ondBnoir). 


Notice that, by the strictly convexity of the function Ur is the unique minimizing function 
for the capacity problem (l26l) related to the sets SI and Bhq {r) ■ 

Thanks to the comparison principle, if r > s then Ur{x) > Us{x) for every x G Bhq (r) \ SI. 
Hence the function 

u = lim U}i{x) 

R—¥0C 

is well defined, for x G M ^\ S1 and the sequence ur is in fact uniformly convergent. Then we 
are going to deduce the estimates (i)-(iv) for the functions ur and show that the involved 
constants do not depend on R, so that we will obtain the desired estimates for u by passing 
to the limit as R ^ 00 . 

Let 0 < i?o < .Ri be given by 


Rq = sup{r > 0 : Bnoir) C SI} and Ri = infjr > 0 

Consider URg^R defined as in ((^ in the ring BHg{R) \ Bho{Ro)- 
it holds 


ur{x) > 


H^-^{x)-R‘^-^ 


: ncBHgir)}. 

By comparison principle 

(34) 


for every x G Bhq (R) \ SI which implies 


u{x) > 


H^^ix) 

n2-N 

Hq 


for X G \ SI and hence inequality (15X1) holds. 

On the other hand we can compare the function ur with UR.g^R defined as in (12911 in the 
ring BHg{R) \Bho{Ri) and we obtain inequality (1511) for x G \Bho{Ri), and in fact the 
same holds in \ SI since m < 1. Hence (i) and (ii) are proved. 
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Let US investigate the regularity of ur. By using an argument analogous to the one used 
in the proof of [2l Proposition 2.3], we have that ur € C^’°‘{BR\ri). Indeed the result follows 
from Chapter 4] and the fact that the set of points of non-differentiability of HV 
consists of just a point, the origin. Furthermore, by arguing as in the proof [la Lemma 2], 
one can show that in fact H{Dur) does not vanish. Indeed, the proof of [191 Lemma 2] can 
be adapted to our case since only the following ingredients are needed: a weak comparison 
principle, estimates like the ones in (i) and (ii), and the equivalence between norms which 
is given by (HI- More precisely, a close inspection of the proof of m Lemma 2] shows that 

H{Dur) > A-^ > 

Ho{x) 

for X € Bro (i?)\n, where A, Bi are constants depending only on the set il and the dimension 
N. Hence the first condition in (1321) holds for u, again by passing to the limit. 

Notice that, since Dur does not vanish in Bho{R) \ H, the differential operator Ajj has 
(7°’“ coefficients. Thanks to [151 Theorem 6.15] we obtain ur G C^’°'{Bho{R) \ H). 

To prove the second inequality in (l32|l . we rescale u and define 

U{y) = p^~^UR{py), 

where ^ < p < i?, for some r > 0, and y G Bho{ 1) \ Bnoir). We notice that U satisfies 
ArU = 0, in Brij (1) \ Br^ (r). From the maximum principle and using (i) and (ii) we have 
that U is uniformly bounded in BRg{l) \ BR„{r). 

We notice that 

n 

ArU — ^ ^ UijUij, 

where 

a^Ax) = [H^,iDU{x))H^^iDUix)) + H{DUix))H^^^^{DUix))]. 

From the first inequality in (13211 . \DU\ is bounded away from zero; moreover, the homogeneity 
properties of and V|iL, imply that are bounded as sum of 0-homogeneous functions. 
Thus U is solution of a uniformly elliptic quasilinear equation and from standard regularity 
results m, [la we obtain that \DU\ is uniformly bounded and U € that is 

H{DuR{py)) < for y G BR„{l)\BR„{r). 

Let X G \ H; define p = Ho{x) and let R be sufficiently large. Hence 

H{Dur{x)) < B2HI-^{x), 

for every x such that Hq{x) > R\/r. This concludes the proof of (15^ . 

Estimate (IMD follows by Schauder’s estimates m Theorem 6.2] applied to U. Indeed 
there exists a constant B^ depending only on the dimension, the regularity and the ellipticity 
constants (which are independ of R for the homogeneity of the norm H) such that 

\D‘^U{x)\ < B^ma^UR < B 3 , 

and hence 1551 holds for ur and then for u. 

It remains to show that in fact u solves the differential Problem (jS]). As already pointed 
out, thanks to the strict convexity of , the function ur is the unique minimizing function 
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to the capacity problem in Bug {R)\^ (see [SI Paragraph 8.2.3]). Thanks to the homogeneity 
and the regularity of H and from the previous estimates we have that 


[ _H^{Dur)= [ _H^iDu), 

Jr^\Q 


lim 


which implies that u solves the minimum problem (1251) . Moreover, since for every (j)R G 
Co“(Bffo(i?)\n) it holds 


lBHo{R)\n 


H{DuR)V^HiDuR)-Dcl,R = 0, 


we deduce 


/ _ H{Du)V^H{Du) ■D(l) = 0, 

for every (p G \ fi), that is m is a weak solution to Problem ([6]). Notice that, in fact, 

M is a classical solution since, by using a local argument and |151 Theorem 6.13], we obtain 
that u G \n) nC'2'“(IR^ \n). 

We can finally conclude that in fact u G \ fl) by applying (TS] Theorem 6.19] in 

the set {m > i} \ fl. □ 

Remark 2.6. Notice that if is assumed to be uniformly convex, then estimate i31]) holds 
in the whole \^1 as proved in the following. Indeed, since 11 is uniformly convex, there 

exists i?* > i?i such that for any y G dft there exists x* such that the ball BHg{x*, R*) 
contains fl and is tangent to dfl at y and BnoiR) 2 Bhq{x*, i?*). Moreover Bhq{x*, R*) Q 
BHoix*,iR). By considering the function ur»^ 3 r{x — x*), the comparison principle yields 
that Ur < ur,, 3 r(x — X*) in Bho{R) \ Bho{x*, R*). By varying the point y G df2 and using 
the uniform convexity offl, we prove that there exists a constant A 2 , depending only on the 
set n and the dimension N, such that 

ur{x) < A2Hq~^{x), 

for X G Bho{R)\^ and, by passing to the limit, the same estimate holds for u{x), x G R^\H. 

2.6. Elementary functions of a matrix. Given a matrix A = iaij) G K"^", for any 
k = 1,... ,n we denote by Sk{A) the sum of all the principal minors of A of order k. In 
particular, S'!(A) = Tr(A), the trace of A, and S'„(A) = det(A), the determinant of A. More 
explicitly 

1 V ^ .. ( i\,... ,i}z 
jit ■ ■ ■ J jk 




where ir,jr G {!) ■ • ■ j and the Kronecker symbol <5 

tively — 1 ) when ir is for r 7 ^ s and (ji, 
of (ii, • • • ,ik)t otherwise it has value 0 . 

By setting 


has value +1 (respec- 


jlj-'-ijk 

,jk) is an even (respectively odd) permutation 


= why. 






Zl, . . . , tk-l 

jl,..., jfc -1 






(35) 




we can write 


( 36 ) 
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which is nothing more than the Euler’s rule for homogeneous functions (Sk being homoge¬ 
neous of order k). In particular, for k = n, we have 

det(A) = (A) = i ^ Sr, {A)a,j . (37) 

We also notice that S^j{A) is the (i, j)-cofactor of A. Then (|37l) also coincides with the 
so called cofactor (or Laplace) expansion of the determinant; moreover, if det(A) ^ 0 and 
we denote by the elements of the inverse matrix A~^ of A^ we have 

S'^jiA) = det{A)aA . (38) 

For further use, we also notice that (I57)) . (1551) and the chain rule for derivatives yield 

^ det(A + ^ S-{A)h, (39) 

for any couple of n x n matrices A and B. 

Another case of special interest in our applications is when k = 2. In this case, one has 

52(A) = 1^55 (A)a,,, (40) 

where 

if i ^ _ 7 , 

'^k^i A i = j . 

The next lemma shows a generalization of Newton’s inequality to not necessarily sym¬ 
metric matrices. This inequality, together with the characterization of the equality case, is 
in fact one of the crucial ingredients in the proof of our main result. 


Lemma 2.7 ([5], Lemma 3.2). Let B and C be symmetric matrices in and let B be 

positive semidefinite. Set A = BC. Then the following inequality holds: 


Y) _ 1 

S,{A)<^MAr. 


(41) 


Moreover, ifTr(A) ^ 0 and equality holds in then 


A = 


Tr(A) ^ 


and B is, in fact, positive definite. 


Of particular interest in our approach is the quantity S 2 {W), where W = V|t7 [Dv)D'^v G 

PI a, (7^(K^\{0}) norm, and v G IT^’^(0)nC^ (fl) in a bounded 


open set LI with u = 1 on the dLl. Notice that, in this case it holds 

92 (w) = if i 7^ j, 

bi ) \-(ylV{Dv)D^v)p + AHV iii=j. 


(42) 


Moreover in this setting Sfj{W) is divergence free, in the following (weak) sense (see [[2], 
(4.14)]) 


( 43 ) 
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2.7. Ingredients of convex geometry. We briefly present some notions and results of 
convex analysis. For their proof and additional details we refer to |21j . 

We indicate by K,^ the set of convex subsets of . For K, L in we define their 
Minkowski sum as the vectorial sum K + L = {x € : x = k + l,k € K,l G L}. Many 

results have been proved regarding the volume of Minkowski sum of convex sets. In particular 
the volume of a convex combination of m convex sets ifi,..., K^, with weight Ai,..., Xm is a 
polynomial of degree m in the coefficients Ai, as shown in the following proposition. 

Proposition 2.8 ([2T] Theorem 5.1.7). Let Ki ,..., Km be convex sets in IC^ and Ai,..., Am 
non negative numbers. There exists a non-negative symmetric function V : —> R 

such that 

m 

\XiKi + ... + XmKm\= Y. (44) 

The coefficients V{Ki .^,..., i^i^^) (symmetric in their arguments) are named mixed volumes 
of K,,...,Km. 

For a regular (say at least C^) convex set K, the Gauss map of K, which associates to 
every point x G dK the outer unit normal vector of dK at x, is denoted by v{K, x) : dK —>■ 
If K is strictly convex, v is invertible and its inverse map is denoted by t{K., ■) and 
in fact it coincides with the restriction of Dgh{K, •) at (see [21]), that is 

t{K, ■) = iy-\K, •) = Deh{K, •) : ^ dK , (45) 

where we recall that h{K,9) indicates the support function of the set K in the direction 6 . 
For an arbitrary convex domain K, t{K^ w) indicates the set of all boundary points of K at 
which there exists a normal vector of K belonging to the set w C 5'^“^. 

The Hausdorff measure of t{K^ •) is called Area measure: 

SN-i{K,e) = n^-\T{K,e)). 

As for the volume, considering the area measure for a Minkowski combination of convex sets 
leads to the notion of mixed area measures, as shown in the following proposition. 

Proposition 2.9 (|^ Theorem 5.1.6). Let Ki ,..., Km be convex sets in and Ai,..., Am 
non negative numbers. There exists a symmetric map S from (/C^)^ to the space of finite 
Borel measures on the sphere such that 

m 

Sn-i{XiKi + ... + XmKm, ') = E Ail ' ■ ' ^iN-l S(i^ii,...,Kii^_i,-). (46) 

The coefficients •) (symmetric in their arguments) are called mixed area 

measures of ATi, ...,Km. 

Mixed volumes and mixed area measures are related by the following integral formula 
(see dH Theorem 5.1.7]): 

V{KuK2,.-,Kn) = ^^ [ h{Ki,e)SiK2,.-,KN,de). (47) 

One of the most important results on mixed volume is a system of quadratic inequali¬ 
ties called Aleksandrov-Fenchel inequalities, satisfied by general mixed volumes. A special 
version is the following: (see dU Section 7.3]) for K,L G JC^ it holds that 

V{L,K,...,Kf>\K\ V{L,L,K,...,K). 


(48) 
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In the proof of our main result, we will use (|48|1 when an anisotropic ball and a general 
convex set are considered (i.e. L = Bho,K = Q). 

Proposition 2.10. Let H be a norm ofM.^ of class \ {O}) and let LI be a regular 

bounded convex domain in ; it holds: 

PU^)>NM dn^-\x). (49) 

Remark 2.11. Notice that can be seen as the anisotropic version of the Minkowski 
inequality m Theorem 7.2.1]) 

(n^-\dn)y > iv|fi| J Hi dn^-\x), 

where Hi denotes the standard mean curvature of did. 


Proof of Provosition \2.1^ We first prove the theorem for strictly convex domains, then the 
general statement follows by approximation. 

Let n be a strictly convex domain; we compute the mixed volumes in the Aleksandrov- 
Fenchel inequality (H51) for L = Bug and K = 11. We first show that: 

V{BHg.ll,...,ll) = ^PH[ll). (50) 

Indeed, thanks to the integral formula (H7)) . the fact that 5(11,17, 9) = 'H^~^{t{11, 9)) and 
m, we can compute 

V{BHo,n,...,ri) = 4/ h{BHg,9)dn^-^{T{ll,9)) 

^ Tt f HBho,v{11,x)) dn^-^{x) = y f H{n{ri,x)) dn^-^{x) 

= 

Notice that the function t{11.,-) is well defined since It is strictly convex by assumption. 

Let us now show that 

ViBHg,BHg,lt,...M) = jf d'H^-\x). (51) 

Indeed, by (ITTl) and (IT^ we have 


ViBHg,BHo,lt,...,lt) = y f Hi9)SiBHg,n,...,n,9)d9. (52) 

Let 9 G be fixed and choose an orthonormal basis (ei,..., e^) or M.^ with e^r = 9. 

Then it holds (see [HJ (2.68)]) that 


SiKi,K2 ,.. .,Kn-i, 9) = D{ih,,iKi,9))^-Ji ,..., (/i,,(i^^_i, 0))5-\) 


(53) 


where D{Ai,... ,Am) denotes the mixed discriminant of the (N — 1) x (TV — 1) matrices 
Ai,..., Am', the mixed discriminants are symmetric in their arguments and then uniquely 
determined by the formula 


m 

det(Ai + ■ • • + XmAm) = • • • A^^ ,..., Ai ^,). 


(54) 
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Then, by (jSSjl . we have 

S{BhoM, .., ih,,in,9))f -J,) (55) 

and by (1511) 

{h.j{n,9))^-J„..., {h.,in,9))^-J^) = I det{A,+tA2)\t=o , 

where Ai = {hij{Vl,9))f ~2i and A2 = {Hij{9))^~2i (and m = 2, Ai = 1, A 2 = t). 

From (l3^ . we get 

^det(Ali +M2)|t=o =Y.mj{9)S%_,{{hrs{^,9))^-}{) 

and (|38]) tells 

S%_,{{hr.s{^, det((h.,(r!, , (56) 

where denotes the inverse matrix of {hij{Vt,9))f ~}-^^. 

The chain of equalities from (l55l) to (l56l) yields 

S(i?ff„,r!,...,f2,0) = det{{hrs{n,9))^-},), 


and, since (1451) gives h^^{n,9) = vl{n,T{^l,9)), we obtain 

S(i?ff„,O,...,f2,0) = -^^iJ,^.(0)j.|det((h,,(F!,0))^7A). 

Finally, from (l22l) we get 

S(B^„,f2,...,f2;0) = Mzi^i^det((h,,(O,0))();7A). (57) 

Inserting the latter into (l5^ . using the change of variable 9 = v{^,x) (equivalently x = 
r(O,0)) and taking into account (HSj) . we obtain (I5T]) . Coupling (I5T]) . (|5(I)) and (US)) , we get 
dlH). □ 


3. Proof of Theorem 11.11 

We consider the auxiliary function v{x) = u(x) which solves the following problem 


N 

Ahv = — V{Dv) 

V 

V =1 

H{Dv) = j^C 
—>■ +00 


in \ n, 
on 911, 
on 9n, 
if |a:| —>■ 00 , 


(58) 


where V{^) = and C is the same constant as in ([T]). 

We define the matrix W{x) = V‘^V{Dv{x)) D‘^v{x) whose elements are denoted by 
Wij. In order to simplify the presentation, arguments are omitted and hence H, V denote 
H{Dv{x)),V{Dv{x)), respectively. 

Since Sfj{W) is divergence free (see (1431) '). we have that 

div(P-^55(W)P5.) = (1 - N)v-^Sf^{W)V^,v,+v^-^Sf^{W)Vi^^,Vkj , 

and from (|40|) we obtain that 

div(ui-^55(IT)P5J = (1 - N)v-^Sf^{W)Vi,Vj + 2 v^-^S2{W) . 


(59) 
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From (1421) we can write 

Sfj{W)V^^Vj = -WjiV^.Vj + AhvV^.v^ 

so that (l24l) yields 

+ Mh^H) ■ (60) 

Moreover, recalling that V = and the homogeneity properties (ITKI) . (fTHI) of H, it holds 

H^.Vj + = H'^H^.H^^Vkz- 

By coupling this latter with relation (|60)) we get 

S!j{W)V^,v,=H^MHm. (61) 

By (l60)l and the homogeneity properties (fTKI) , (IT6l) it holds that 

v-^Sf^{W)Vi,v, = 2 v-^VAhv - v-^V^,V^,Vk^. 

Moreover, using the fact that v~^V^^V^i^Vki = 2NV‘^v~^^^^'^ +div(u“^14V^14) and the first 
equation (1551) . we have 

v-^SfjiW)V^^Vj = - div(i;-^FV5F), (62) 

for every x € K.^ \ 12. 

Let R be large so that 12 is contained in the Euclidean ball with radius R and centered 
at the origin. We are going to compute 


I = 


f _v-^Sf^{W)V^^Vj dx 
JbR\Q 


by using expressions (1591) from one hand and (1621) on the other hand. 

From (15^ . the Divergence Theorem and the fact that v = —Dv/\Dv\, we compute 


I = -- 


1 


IV- 1 
1 


/ div(v^-^SfJW)V^,) dx + —^ / v^-^S 2 {W) dx 

Jbr\q a - I JBR\n 


TV- 1 


'an 


SfJW)V^, / H{v) dn^-\x) - 


B«\n 

1 1 


H{Dv 


RN-1 






+ -^ [ v^-^S 2 iW) dx. 

A -1 JBR\n 


Notice that the first term in the latter expression can be rewritten by using the boundary 
conditions in (1551) and equation (ISTl) as 


1 


k Jan 


N- 

and hence it holds 
j _ 4(72 


H{v) dU^-^x) = 


H{Dv 

Mff(D) 


(TV - 2)- 






(iV - 2)2 TV - 1 


+ / _v^-^S 2 {W) dx. (63) 

JBR\n 


TV- 1 
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On the other hand the value of / can be computed by using (IMll . the Divergence Theorem 
and the fact that v = —Dv/\Dv\, as follows: 


I = 


[ dx- [ _diY{v-^VV^V) dx 

JB^\Q JbR\Q 

v-^VV^,x, + 


7 Vy 2 ^-(^+i) dx - 4 / v-^VV^,x, + [ v-^VV^, 

R J{\x\=R} 


-h{b) dn^-\x). 


/BH\a ^J{\x\=R} “ Jan H{Dv) 

The last term can be rewritten by using the boundary conditions in (1581) in the following 
way: 

Vi 




1 


jgn ' H{Dv) 

which gives 

I=f dx - ^ 

JB^\n R 

where we used m- 

Notice that Theorem 12.51 implies 

1 1 


( V 

7 

\N-2J 

Jan 


,,-v 




VV^.Xi dx + ^( ^^4 2 ) 


lim ^ , 

fi ^+00 RN — 1 J{\x\=R} 


- / S'^JW)V^,Xj dx = 0 

1 J{\x\=R} 


lim — 

R —>-+oo 


v-^VV^,x,dx = 0. 


l{\x\ = R} 

Hence, passing to the limit R —> +00 in (l63ll and (l64l) and coupling them, we find that 

4^2 f Mnin) 


Since W is the product of symmetric matrices, with V|l^ positive semidefinite, Newton’s 
Inequality (HT|) holds for W. Plugging it in (|55]) we obtain 


PhI^) < 


N -2 
C 


Mff(D) 


H{v) dW^ ^(x). 


(67) 


Jan — 1 

We use the value of C in (HU and notice that (1571) is the reverse inequality of (1551) : then 
equality must hold. Hence the equality sign in (IdTI) holds true too, which implies that W is 
a multiple of the identity matrix Id, that is 

VlV{Dv{x)) D'^v{x) = 7 (x) Id, (68) 

for every x € K.^ \ H. 

Recalling that IS.hv = Tr(lT) and expression (l24l) . the latter entails 

UH{St)H{Dv) + =Nj, x G \H. (69) 


Moreover 


and ((20I) imply that 


92 
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where Vo{r]) is the dual function of V{^), that is Vo{r]) = \Hq. Hence the following holds 

= ^^Vo{V^HiDv))H^,H^^ = 2^Vo{V^H) = 7 , 

Vj 

thanks to the homogeneity property m of Vo and HID- Then (I69p can then be rewritten 
as 

+ 7 (x) = iV 7 (a:), (70) 

for every x G \ fl. 

Notice that, thanks to the regularity result in Theorem 12.51 the function 7 is constant on 
dfl since 

2 


C 


N N 

N'y = —V(Dv) = — , 

’ V ^ ^ 2 \N-2 

from (l58l) . Hence relation (ITO)) implies that is constant, being H the level set of 

V. 

The proof is concluded thanks to Theorem 12.11 which assures that H is a ball in the Hq 
norm: H = Bho{'>’)- 

Appendix A. Proof of m 


Proposition A.l. If there exists a solution u G \ Q) of (H])-©, then C = 

N-2 Rn(f2) 

N |a| ■ 

Proof. First step: CapH(f^) = CPh(^). 

Since H is 1-homogeneous, v = Du/\Du\, and from ©, it holds that 

CPh(H) = c[ Hiiy)d-H^-^{x)=C [ H{^) dn^-\x) 

Jan Jan \Du\ 


I an 


\Di 


-H{Du)H{Du) dn^-'-{x), 


so that 


C 


Pum = [ 

Jas 


1 


■H\Du) dn^-\x). 


lan \Du\ 

On the other hand, by using coarea formula and (HSI, we find that 

CapH(f^) = / H^{Du)dx= [ [ dn^-\x) 

JRwyo Jo J{u=t} \-^u\ 


(71) 


/o j {u—t} 

/ H{Du){ViH{Duy, ^) dn^-\x) 
Jo J{u=t} \Du\ 

-[ [ H{Du){V^H{Du);u) dn^-^{x). 
Jo 


JO J 

Notice that, since A//it = 0 in {it > t} \ H, by using Divergence Theorem we have that the 
quantity 

I H{Du){V^H{Du);i^) dn^-^ix) 

J {u—t} 

is independent of the level t G (0,1]. Hence it holds 

CapH(0) = -/’ [ H{Du){V^H{Du);j^) dn^-\x) = [ dn^-\x), 

Jo J{u=l} J dCl 


\Dt 
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which entails, together with (fTT]) . that C Ph{^) = CapH(f^)- 
Second step: {N — 2)CapH(f^) = 

By the Divergence Theorem and we compute 


C^N\n\ 


f {x] v) {Du) ^{x) = — I div{H'^{Du)x) dx 

Jan JR^\n 

— / NH^{Du)dx— / 2Vi{Du)xnUij dx 


-A^CapH(ri) - 2 ( / _{V^V{Du);D^ux + Du) dx-2 [ _2V{Du) dx] , 

\jR^\n dBW\f2 J 


where V = /2 and the last equality holds thanks to the homogeneity of V{-), which 

follows from (na. 

Recalling the definition of H-capacity, the fact that div(V 5 R(Du)) = 0 in \ D and 
that V = —Du/\Du\ on did, and by using the homogeneity of V, the latter can be rewritten 
as 


C^N\il\ 


-NCapniil) -2 j _{V^V{Du); D{Du ■ x)) dx + 2CapH(f2) 
jR^\n 


= (2 — 7V)CapH(f^) — 2 j divCV{Du){Du ■ x)) dx 

dRiv\n 

= (2-iV)CapH(ri) + 2 / {Du;x){V^V{Du);iy) dn^-\x) 

Jan 

= (2 - 7V)CapH(f^) - 2 / {^■x){V^V{Du)-Du) dU^-^x) 

Jan \Du\ 

= (2 — 7V)CapH(f^) + 2 f {v ■ x)H‘^{Du) d'H^~^{x) 

Jan 

= (2 - iV)CapH(f^) + 2C^ [ vx dH^-^{x) = (2 - N)Cam{^) + 2C^N\il\, 


Jan 

which completes Step 2. The desired expression of C is achieved by coupling the two 
steps. □ 


Appendix B. Proof of Theorem 12.11 


Let Ip be the solution to the following problem: 


Anip = 1 in D, 

-0 = 0 on dil, 


(72) 


and let W = \7‘^V{Dip)D^tp, where V{^) = ^H‘^{^). Notice that, thanks to (H51) . it holds 

S2{W) = \dw{Sl{W)V^,). 

The latter, together with Newton’s Inequality m and dZll), implies 
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for every x & VL. By integrating over il, using the Divergence Theorem on the right hand 
side, using that u = Du/\Du\ and (|6T|l . one obtains that 


iV- 1 
2N 


m >\l = \! sf^iw)vuD^p) 

^ dan ^ dan 




\m 




2 dan 

and, since H is 1-homogenous, we find 

N-1 


Mnin), 


2N 


|ri| > l-Mnin) f H{v)H'^{D^). 
d dan 


On the other hand by Cauchy-Schwarz inequality it holds 

2 


[ H{y)H{Di;)\ < [ H{y) [ Hiu)H\DiP), 
dan / dan dan 


and hence, by the definition of A.H'ip and ca, we obtain 


|0| =J^Ah^ = ^ D^) , 


so that 


| 0 |= [ H{v)H{D^P). 
dn 

Coupling d74l) and (17^ we obtain 

< [ H{v) [ H{v)H^{Di:). 
dan dan 

Recalling inequality d73l) and definition (1^ we have proved that 

' ' - ’ N Mff(O) 

Thanks to the anisotropic Minkowski type formula 

Mff(O) 


P(0)=/ 

dan -'V — i 


/an — 1 

(see m) and the fact that M//(0) is constant, it holds that 


(73) 


(74) 


(75) 


(76) 


and hence the equality sign must hold in (1761) . This entails that equality holds in both 
Newton and Cauchy-Schwarz inequalities and hence must be constant on i90, that 

is: the overdetermined anisotropic Serrin Problem must be satisfied. Thanks to [2j Theorem 
2.2], the set il is then Wulff shape. 
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